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ABSTRACT

This project will investigate low energy transfebits for the exploration of the Jupiter
and Saturn moon systems. These transfers exipéibstability of periodic orbits about
the Lagrange points. The moon systems, howevee fesonant coupling between the or-
bits of the moons which causes a resonant foramgeviodic L point orbits. The project
will consider the Circular Restricted Three Bodplitem and produce a C# program to
model this system. The project will also assesthaus for modelling the impact of reso-
nant coupling on periodic L point orbits.
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1 INTRODUCTION

This document is the final report for the MSc pobjetled Resonant Forcing of L-point or-

bits, it serves to document the progress made and repgrfindings and conclusions that
have been developed. A Compact Disc (CD) can bedanside the back cover of this re-
port, it includes the program designed and impldetms part of this project. For more

information about this CD, please see Appendix 6.

1.1 Background and Context

Since Newton first formulated his theory of gravity 1687 physicists and engineers have
attempted to understand how the theory can be heaodiel more and more complex systems.
Kepler's laws of motion provide one example of thidhere the interaction of two bodies
leads to three well defined laws for the motioroné mass around the other. Solutions to the
so called two body problem are easily derivablealigby treating both masses as one-body
systems. However, as we increase the complexity tlree body system the problem be-
comes unsolvable except in a few special casesytah the Circular Restricted Three Body
Problem is one such solution, this is the key cphosed for this project and further discus-

sion is provided in section 2.4.

Interplanetary missions require a great deal ofifitag to understand the orbital pa-
rameters of missions to, for example, Jupiter du®a In general a patched conic method is
used that allows the problem to be split into moenageable parts. Up to the present, most
interplanetary missions have used large velocdres fly-by techniques to be able to reach a
planet-moon system and then use more thrust aduy/ftechniques to modify the orbit within
the system. However, in complex moon systems tisea¢so an impact of the gravitational
attraction of the moons and this effect can be @senodify orbits or assist in transferring

from one orbit to another.

The concept of low-energy space exploration wilcbasidered in this project, where
the use of L-points and stable and unstable owiltde considered as an alternative to hith-

erto used fly-by and gravity assist manoeuvres.

Future planned missions to Jupiter and Saturn, lyalnaglace [1] and TanDEM [2] re-
spectively, will use the tried and tested methadbefore, this project will attempt to quantify
whether a low-energy exploration has any advantéagehis type of mission and what disad-

vantages this brings.

Finally, the concept of resonant forcing will beraduced and a number of ap-

proaches discussed to attempt to formulate a deitabthod to model this area of interest.

-9-
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1.2 Scope and Objectives

The purpose of this project is to understand theadyics of a spacecraft within the three
body problem and to assess the impact of a resdoarth mass within this problem. All
relevant theory is presented in Section 2 and Hjectives of the project are detailed in sec-
tion 1.2.1.

1.2.1 Objectives
The key objectives of this project are listed ifidtpoint below:
Understand theory of 3 body problem and orbital magadcs
Understand & Model CR3BP, Lagrange Points, Periodbits
Model spacecraft dynamics and energy to reach htpoi
Model periodic orbits around L-points
Assess methods for modelling resonant forcing sdtallite

Implementation of a C# program to model the CR3Bgrange Points, Periodic

Orbits and Resonant Forcing

1.3 Achievements

A full list of achievements is found in this sectjeeach referenced to the relevant section of

this report:
Literature review completed as documented in Se@io
Initial explorative modelling using MATLAB complale see Section 3

Planning of the project has been an on-going peydes the project plan for the

summer semester, see Appendix 1

March Submission [3] & Viva completed

Production of an A3 sized poster has been comp&teesented, see Appendix 2
Re-implementation of MATLAB CR3BP code to C#, seet®n 4

Consideration of a fourth mass at resonance antauetfor modelling of reso-

nant forcing, Section 5
Final report documentation

CD produced including setup program and relevaes fior C# GDB CR3BP pro-

-10 -
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gram

1.4 Overview of Dissertation

The following sections are as follows; firstly, 8ection 2, a discussion of the current theory
relating to this project is introduced, followingat, in Section 3, a discussion of some of the
intial modelling using MATLAB is included, includinsome of the initial results that were
produced. In Section 4, the design and implemiemtatf the C# program is considered, and
in Section 5, resonant forcing is discussed. Resuk presented and discussed in Section 6,
and finally, conclusions are found at Section 7.

-11 -
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2 STATE OF THE ART

2.1 Introduction

In this section the key theory required to underdtine three body problem and its solution
are documented, this is based on the literatuneeguindertaken by the Author. The theory
of the three body problem is introduced in Secfioh before that, in Section 2.2 the Author
presents a section considering resonance in tla sgtem and if there are any systems

where we might see good examples of resonant fiprcin

There is a wealth of possible reference materialtis area of interest and a number of
different sources have been researched in the eaifrthis project. However, there are two
references in particular that have been used asdire source of information for this project,
namely the book®rbital Motion by A. Roy [4] andDynamical Systenisy Koon et al [5].

2.2 Resonance in the solar system

The question of stability in our solar system i afi mathematics great problems. The two-
body approximation gives stable orbits but doesimdude the influence of the many other
bodies in the solar system. These other effecisbmavery small but over time may change
orbital parameters so that the stable two bodyandbecomes unstable! Laplace discovered
the resonance of the Jovian moons (see Sectioh) bt there is still a great deal of work to
be done to fully understand how masses affect etiwr in our solar system. In addition to
the moon systems of Jupiter and Saturn there hex ekamples of the impact of resonance in

the solar system.

In general, orbital resonance may involve any @f dnbit parameters (as defined by
Kepler's Laws) and may act on any time scale, lmithe scale of the orbital period up to
much longer periods of time (e.g. up to hundredgeairs!). The impact of orbital resonance
may lead to long term stabilization or cause aiit ¢olbdestabilise. There is evidence that the
resonant orbits of the outer planets is the redson time in the Earth’s early history when
the planet was hit by many thousands of asterbidiswere pushed out of there stable orbits
by the resonant force caused by the gas giantsTbgKirkwood gapsprovide evidence for
this theory, showing that with respect to the odbiupiter there are gaps in the distribution
of asteroids at the 3:1, 5:2, 7:3 and 2:1 resorgru®vever, this is not true in all cases. The

mechanism thought to cause these gaps will be sisclin more detail in Section 5.

-12 -
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2.2.1 Jupiter and Saturn Moon Systems

Before moving on to the dynamics involved in theethbody problem, a brief discussion of
examples of the application of this project is préded. For this project we are interested in
locations where we might see resonant forcing andhis reason we are particularly inter-

ested in the gas giants.

The Jovian moons are the most obvious example efeviesonant forcing could have a
major impact on a spacecraft in orbit near a librafpoint. This is due to the so-called
Laplace resonance which in simple terms indicdtasthe moons have a simple integer ratio
between their orbital periods. The Jovian moon<Elaropa and Ganymede are an excellent
example of this kind of relation, having a 1:2:4aeance respectively and Figure 1 illustrates

the positions of the moons after 1, 2 and 3 loquki

Figure 1: lllustration of lo-Europa-Ganymede resoica. From the centre out-
wards: lo (yellow), Europa (gray) and Ganymede {J47]
This system will form the basis for the experimetoide modelled in the programming
part of this project where a spacecraft within gystem will be perturbed by the movement

of the moons. The question is how big is this@ftmused by the moons and can the space-

craft take advantage of these perturbations?

The moons of Saturn are another example of whe@nesnce could have a major impact
on the orbit of a spacecraft. However, there aamyrmore moons in the system than the

Jovian example and no Laplace resonance exissssybtem will be assessed if time permits.

2.3 Orbital Mechanics and the Three-Body Problem

The three body problem was originally formulated\wton; it can be stated as follows:

Given at any time the positions and velocitieshoé¢ or more massive particles moving
under their mutual gravitational forces, the masaés being known, calculate their posi-

tions and velocities for any other tirfé.

-13-
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By using the theory of gravitation a number of usefatements can be made regarding
the systems, which are known as the ten integfatsotion. These mathematical solutions
assess the system by conserving Linear MomentunAagdlar Momentum which provide
nine of these integrals, with the final integralagi by the conservation of energy. For more
detail of the derivation of these Integrals, irégeommended that the reader consults [4] pp
102-105.

The general three-body problem is impossible toes@lilly, and the complexity that
the problem involves has perplexed many of thesfimeathematical minds for many years!
However, the problem can be simplified by makinguanber of key assumptions that mimic
the real systems we observe in the solar systeameht section will explain one such system
where we restrict the motion of two of the bodegitcular orbits around their common cen-

tre of mass.

2.4 Circular Restricted Three Body Problem

The general three body problem can be simplified$suming that we limit the movement of
two of the bodies to circular orbits around themenon centre of mass and that we assume
the third body (e.g. the spacecratft) is too snwaéftect the motion of the two massive bodies.
The massive bodies are termed the primaries afythieem, or primary and secondary is more
suitable for this study (e.g. Jupiter as the primane of the Jovian moons as the secondary).
The problem is then to solve the motion of the speaft, and this is the Circular Restricted

Three Body Problem, or CR3BP. We can now re-vihigeproblem as:

Consider the motion of a particle P of negligiblags moving under the gravitational in-
fluence of two masses; mnd m. Assume that ytand m have circular orbits around their
common centre of mass. The particle P is free dgenin the plane defined by the circular

orbits of the primaries, but cannot affect theirtion. [5]

The advantage of reducing the problem to that ®GR3BP is that the number of differ-
ential equations, or in other words the numbent#grals of motion, that need to be solved is
reduced from eighteen second order differentiabgqos in the general three body problem
to just six second order differential equationshi@ CR3BP. It is also possible to reduce this
problem even further by limiting the movement af 8§mall mass to the plane of the orbits of
the two primaries, and this problem is known asRtenar Circular Restricted Three Body
problem, or PCR3BP.

Let us now take a moment to consider the CR3BPsant of the useful assumptions that
are made to solve the problem of motion of the bapalcecraft. Firstly, we make the system

non-dimensional by carefully choosing the unitsteasurement, for simplicity this is pre-

-14 -
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sented in bullet form:
Unit of mass is taken as;fm,
Unit of length is the common separation of the twinaries

Unit of time is set so that the orbital period bettwo primaries around their

common centre of mass is 2
The gravitational constant, G then becomes G=1
With these assumptions made, the only parametdedystem is the mass parameter,
=mp/ (Mg +

We assume that m1 > m2 and thus the masses oivtherimaries in terms of the non-
and 2 =

systems within the solar system, of particularredeare the values for the Jovian system, as

dimensional units becomel = 1 — . Table 1 gives values for some examples

presented in section 2.2. Also included in Tablerd the separation distance, L, the orbital

velocity of the secondary body, V, and the peribthe orbit, T.

L Y] T
Primary | Secondary
(dimensionless) (km) (km/s) (s)
Sun Earth 3.036 x 10 | 1.496 x 16 29.784 3.147 x 10
Earth Moon 1.215x 10 | 3.850x 16 1.025 2.361 x 10
Jupiter lo 4704 x 10 | 4.218x 10 17.390 1.524 x 10
Jupiter Europa 2528 x t0 | 6.711 x 16 13.780 3.060 x 10
Jupiter | Ganymede  7.804 x10 | 1.070x 16 10.909 6.165 x 10
Jupiter |  Callisto 5.667x10 | 1.883x 16 8.226 1.438 x 10
Saturn Mimas 6.723x 10 | 1.856 x 10 14.367 8.117 x 10
Saturn Titan 2366 x 10 | 1.222x 16 5.588 1.374 x 10

Table 1: Selected Three Body Systems with VaRausmeters [5]

2.4.1 State space & Surface of Section

To be able to fully understand how we can find @dia (or non-periodic) orbits we first need
to consider the dynamics of the spacecraft in Spdege. Each mass of interest (e.g. the two
primaries and the spacecraft) has six quantitias describe the position and motion of the

object, or in other words, we have three componehgsition and three components of ve-
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locity. For any unique combination of these sixnponents at a given time, t, there will be

one point in state space and, as time passeqdiniscan move in state space.

The famous mathematician Poincaré spent a grehbfiBme studying the CR3BP, and in
particular phase space, and one of his key advasmsnvas to use the surface of section that
allows the investigation of the variation of twoth& variables within the state space, in most
cases, position along the x-axis in the rotatingrdmate system and the velocity in the x-
direction. An example of a surface of sectioniv@g in section 3.1.1.1. This is an incredibly
useful tool, and allows for the discovery of per@drbits as these types of orbits will trace

back to the same point on the surface of sectitem afgiven time.

2.4.2 Location of the equilibrium points in the CR3BP

In this sub-section a brief discussion is includachow the CR3BP is solved. However, the
author recommends any reader to consult the litexats referenced, and in particular [4] and

[5], for a more complete treatment of the problerd #or the explicit mathematics involved.

One of the key concepts to introduce is the choiceeference frame, and as with the
choice of units, the problem can be greatly sirgalifoy this means alone. Figure 2 shows
the chosen frame in pictorial format, notice the k-axis lies along the line joining the two
primaries. The whole frame rotates with unit aagwlelocity relative to the inertial frame
with coordinates X and Y. The z-axis (which céites with the Z-axis) is pointing out of the

plane and is not shown here.

Figure 2: The rotating coordinate system [5]

-16 -
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By using this rotating coordinate system and sgjtire equations of motion, an important

integral, known as the Jacobi Integral can be dédrias shown in Figure 3.

Figure 3: Jacobi Integral [4]

This integral is extremely interesting as it allothe consideration of what happens to the
spacecraft when the velocity, V, is set to zerdwe Tesulting equation is known as the Hill’s
limiting surface and allows us to explore the ragiaround the two primaries, as C relates to
the initial conditions and U relates to the grataiaal attraction of the spacecraft in relation
to the primaries. In other words for a given vatiieC we can define the boundaries of the
regions in which the spacecraft is permitted, &J&C then we would have imaginary values
for V.

Figure 4 shows the different regions that the sgrafecan occupy for different values of
C, labelled E in the figures, the grey area is ifttbn and the spacecraft can only move

within the clear white area. There are five diéfeircases that can be considered:

Case 1 — in this case the spacecraft can only maten small areas in close

proximity to the primaries and cannot transit frprmary to secondary

Case 2 — in this case the spacecraft can now passthe proximity of the pri-
mary through the “neck” and into the proximity betsecondary. An intermediate
energy between case 1 and 2 shows an interseatareén the expanding circles

around the primaries that indicates the positiothefL1 point.

Case 3 — as the energy rises we now have a situatiere a spacecraft can trav-
erse not only the area in proximity to the two @iias but can now escape out of,

or more likely, enter the system.

Case 4 — now the spacecraft is free to move in ehrfarger area around the pri-

maries.

Case 5 — finally, we can now move anywhere anddti®@dden zones have disap-

peared. Where these zones vanish are the L4 apdihgs.
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Figure 4. Realms of possible motion [5]

Where the regions intersect are the Libration graage points, and Figure 5 shows these

points plotted in the rotating reference framehweiich L-point indicated.

There are also other methods that can be useddatimg L-points which may be imple-
mented in the C# program; these methods, as notgd] iand [18], include solving a fifth
order polynomial equation for the position of thgpdints or using a simplified equation. The
polynomial method is used by the MATLAB code, diseed in Section 3.1.1.
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Figure 5: Equilibrium points in the CR3BP [5]

2.5 Periodic Orbits around the L-points

Now that we have knowledge of the L-points we cagib to investigate what can be
achieved at these points in terms of the impach @pacecraft. Whilst the Jacobi Integral
showed where libration points were located by agsgma particle with zero velocity, in real-
ity the spacecraft will always have some velodity,what happens when a particle at an L-
point is given a push in one or another directioMdll it return to its initial point after some
period of time or will it depart the vicinity? Bgnalysing this problem we can find that for
some conditions the spacecraft will oscillate altbetL-point, and as such be in a stable or
periodic orbit, on the other hand, if the spacaaragbidly departs the vicinity of the L-point
then the orbit is unstable and non-periodic. $®act.11.4 of [4] provides a mathematical
treatment of this problem and this next section arily introduce some of the key concepts

required.
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2.5.1 Halo Orbit

In this project the initial state of the spacecrsfaissumed to be a periodic halo orbit which is
out of plane near L1. As stated by [8], from tlwénp of view of an observer on earth (or on
the secondary body in the CR3BP) a spacecrafténobrhese orbits looks as though it is or-
biting the primary, or tracing a halo about theyaiy. Section 3.1.1.2 returns to this type of
orbit with a visual representation, for now, ibisly worth mentioning that this kind of orbit is
very useful for understanding how we may be abléd@asfer from one L-point to another

using stable and unstable manifolds which are diseaiin the next section.

2.5.2 Stable and Unstable Manifolds

Another theoretical concept that is of great imaice for this project is the concept of stable
and unstable manifolds that exist around the L4{goiriThe low energy exploration method
attempts to use these manifolds to transfer alisatel a halo orbit around one L-point into

another halo orbit around a second L-point. Sac8d.1.2 gives a visual example of this
concept and the full mathematical solution is noeg here, [8] gives an excellent explana-
tion for any reader interested to know more. Inegal, the stable manifolds associated with
periodic orbits are formed by the set of traje@srconverging to the periodic orbits in for-

ward time, whereas the unstable manifolds are fdrbyethe set of trajectories converging to

the periodic orbit in backward time.

The key concept is that these manifolds give admmork for understanding transport phe-
nomena from a geometric viewpoint. In particulbe stable and unstable invariant manifold
tubes associated to libration point orbits are fihase space conduits transporting material
between primary bodies for separate three-bodesys{5]. This gives us a method to allow
a spacecraft to spiral down a “tube” that will thietersect with another “tube” providing
transport between two L-points, with no manoeueguired. Figure 6 shows a pictorial ex-
ample of this transfer for the Earth-Moon systerithva spacecraft starting in a halo orbit
around L1 before transiting via the stable andabistmanifolds to end in a halo orbit around
L2.
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Figure 6: The low-Energy Exploration Concept faarisfer between L1 and L2

2.5.3 Linearization around the equilibrium points

To allow further study of the L-points it is usefol first consider what happens to the dy-
namics of a spacecraft when we are near theseritgpoirhis can be done by first translating
the co-ordinates so that the new frame of referamiggn is placed at the L-point. By then
linearizing the equations of motion for the threelypproblem we can find a bounded solution

as shown in Figure 7.

Figure 7: Linearized Solutions for a Halo orbit anad L1 [5]

From inspection we can see that the z-axis soliiagimply harmonic and does not de-
pend on x or y. However, motion in the xy-planedsipled. This is often termed a centre x

centre x saddle configuration [8].

The equations presented in Figure 7 allow the arbihe spacecraft around an L-point to
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be modelled and the following Figure 8 show thetddy the ISEE3 space mission [5] with

the following variables:
k =3.229
Lambda = 2.086
Nu = 2.015
Ax = 206, 000 km
Ay = kAx = 665, 000 km

Az =110, 000 km

Figure 8: ISEE3 Mission orbit around L1 [5]

In addition to the above solution for the dynandosund an L-point there are a number of
different types of orbit possible. The main obgefiund are planar and vertical families of
Lyapunov periodic orbits; three-dimensional quamiipdic Lissajous orbits; periodic halo

orbits; and quasi-halo orbits [9]. Figure 9 shdtwsse families of orbits on a Poincaré Sec-

tion (see section 2.4.1).
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Figure 9: All the periodic and quasi-periodic ordiaround L2 shown on a Poin-

caré section of the ecliptic plane [9]

2.6 State of the Art Summary

This section has introduced a number of theoretioakepts that are required to be able to
understand the project subject. Of particular irtgpae is the CR3BP which forms the basis
for the initial modelling as well as the systenb® considered when discussion moves on to
the problem of resonant forcing. It is worth ngtitihat other theoretical concepts may be
used in the remainder of this document, and theseepts will be introduced and referenced
as required. The next chapter will discuss thegainnodelling undertaken by the Author us-
ing MATLAB.
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3 CR3BP MATLAB MODELLING

3.1 Introduction

This section will discuss the modelling of the gesbs, discussed in section 1, using MAT-

LAB. As a basis for the modelling of the CR3BHterhture search was undertaken and led
to the discovery of the excellent celestial mectapiage by Jay James [10] which includes a
number of MATLAB source files that have been wrnitte solve the CR3BP. These programs
will form the basis of the modelling for this projeand a number of outputs of some of these
are shown in this section to help to describe tloblpm area in a visual manner. The appli-

cation of some of these MATLAB programs will bealissed in detail.

3.1.1 MATLAB Code

The MATLAB code referenced [10] provides a numbfetools that allow for the dynamics of
a spacecraft in the CR3BP to be modelled. Talgemgides a summary of the key MATLAB

routines.

Module Name Description

librationPoints.m Given the mass parameter, Mws fhinction calculates the
position of the five Lagrange points for the givestem.

CRTBPpoincareGrid.m This function plots a Poincarie for random initial condi

tions and energy. This program calls 'CRTBPm’,
'‘BackwardCRTBP.m’, 'magnitudeVelocity.m’, 'libratig
Points.m’, ‘jacobiConst.m’', 'interpCrossingData.nand

'CRTBPpoincareNewton.m'.

HaloOrbit_NewtonMethod.m Calculates and plots a halo orbit around the Lhtpgiven a
good estimate of the initial conditions (this is ae for the
Sun-Earth system). The program calls 'CRTBP.intation-

Points.m’, 'stateTransCRTBP.m' and 'jacobiConst.m'.

Jacobiconst.m Calculates the Jacobi energy forvangposition, velocity

and mass parameter.

CRTBP.m Updates state vector according to CR3BReinod

BackwardCRTBP.m Updates state vector accordingR8BF model.
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stateTransCRTBP.m Computes the state transitioribmatalls 'sysSolveCRTBP],
which calls 'G_CRTBP.m'.

sysSolveCRTBP.m Used to define state Transitiorrikiat
G_CRTBP.m Function returns the matrix ‘G’ for tHeTBP
interpCrossingData.m This is a special interpoldtmr a specific problem that

comes up when computing Poincare sections of thHEBER

magnitudeVelocity.m Computes magnitude of velofatya given state.

vectorField CRTBP.m Computes Vector field for tHe3IBP.

Table 2: MATLAB modules for CR3BP [10]

In the following sub-sections, more detail is po®d on the method and output from rele-
vant MATLAB modules. It is these functions thae throgram written by the Author will be

required to implement for the project to be congallesatisfactorily.

3.1.1.1 CR3BP Playground & Poincaré Section

One of the most useful programs taken from [1L@hésCR3BP playground programme which
allows a user to model the impact on a spacecfaftanous initial conditions for a given
value of . A modification of this programme GRTBPpoincareGrid.ril0] that produces a
surface of section for a given system, an outpotitgxd from this program is shown in Figure
10; it shows the surface of section for the Jupitesystem for a given energy. The output is
extremely complex and the detail of the figureasnewhat lost due to the large number of
points plotted, one of the issues to resolve dutiig) project will be attempting to speed up
the process of producing these types of plots theeimproving the MATLAB code or port-
ing the code to a more sophisticated programminguage; to produce the data for Figure 10
took 17 hours of CPU time (AMD 64 X2 Dual Core Ressor)! As alluded to in Section
2.5.3 the Poincaré grid can be used to identifyditmms for different types of periodic orbits,

and is a very useful tool for identifying halo dgi
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Figure 10: Surface of Section for the Jupiter-Igtsyn

(x = x co-ordinate in CR3BP Frame. V = velocityxmlirection)

3.1.1.2 Computation of Halo orbits

As previously discussed in section 2.5.1, a halitaran be very useful and practical for
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some types of satellite tasks, for example, S®wW8s placed in an halo orbit around the L1
point of the Sun-Earth system so that it could tedetinuous scientific readings of the Sun
whilst maintaining a constant line-of-sight commaation link with Earth. There are in fact a
family of halo orbits around each L-point and thegrammehaloFamilyL2.m [10]plots

these orbits for the L2 point. Figure 11 presémesfamily of halo orbits around the L2 point
of the Jupiter-lo system. One of the key taskgtierremainder of this project will be plotting

these families of halo orbits for other systems.

Figure 11: Halo orbits around L2 in the Jupiter-Bystem [Please note that the
Earth (M1) is not shown on this figure]

As a side note it is worth mentioning that recedtlynched European Space Agency
(ESA) spacecraft, Herschel and Planck, are atithe of writing, approaching orbit around
the L2 point of the Sun-Earth system to begin thesgpective scientific experiments.

3.1.1.3 Stable Manifolds
As discussed in section 2.5.2, for this projectaneinterested in stable and unstable mani-
folds that emanate from the L-points as these tlaw dhe transit of a spacecraft between
two different L-points. Figure 12, produced usstgbleEarthMoonLyap.ifl10], shows a sta-

ble manifold emanating from a Lyapa@rbit around L1 for a specific energy value (thd r

! Solar and Heliospheric Observatory
2 A Lyapunov orbit is similar to a halo orbit buthar than being out of plane is within the plane of

the two primaries
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line indicates the realm of possible motion) fa Earth/Moon System.

Figure 12: Stable manifold from L1 in the Earth-Mo8ystem [Please note that
the Earth (M1) is not shown on this figure]

By increasing the energy of the spacecraft thdinedndicating the realm of possible mo-
tion will increase, allowing the spacecraft to s#ralong this stable manifold to an unstable
manifold in the vicinity of the L2 point, as shownFigure 6. It is this kind of transfer that

the low energy exploration method looks to exploit.

3.2 MATLAB Modelling Summary

This section has presented the results of initiATMAB modelling for this project to assist
in the understanding of the theory presented ini@ed, particularly the theory behind of the
CR3BP and periodic orbits that are vital for theaénder of this project. The Author wishes

to express his acknowledgement of the work [10Jdy James for being of great assistance!
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4 GDB CR3BP PROGRAM

4.1 Introduction

This section of this report provides an overvievile effort and work undertaken in produc-
ing a computer program from scratch, in order ttvesaghe CR3BP and the problem of
resonant forcing. A CD including source code, aliation file, installation guide and user

guide can be found at the back of this report.

This section is split into sub sections; firstly,$ection 4.2, the requirements for the pro-
gram are detailed, in the next section (Sectioh #& general design philosophy is presented
and finally in Section 4.4, a description of thesida and coding process is included, includ-
ing information regarding any problems that wergcdivered and how these problems were

solved.

4.2 Requirements

In this section, the requirements for the progranbé developed are documented in tabular

form. The requirements are split into three keyaar as defined in Table 3.

Area Section Description
User Interface & Oupt 4.2.1 These requirements relate to the design aadfithe
tut Program by aUser and the options that are available

when running theProgram These requirements in
clude how data is outputted tdJgeras well as the key
functions that must be available to be called lhysar

to produce such output.

Functional 4.2.2 These requirements relate to xipéicit functions that

are required for th@rogramto be able to meet the r

D
i

guirements placed on it by the User Interface.

Documentation 4.2.3 These requirements relate ¥o the Program should

be documented.

Table 3: Requirements Table

It should be noted that a number of terms are tegBaused and the following definitions

are required:

User— any person who may use the program.
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Program-— the GDB CR3BP program
Native Code- any code written from scratch by the Author

There now follows a sub-section for each area inl€l'8, these tables will be returned to
later in the document to assess the success (ervode) of the programming that has been
implemented. A priority number is provided for baequirement indicating if the require-

ment is essential (1) or less important.

4.2.1 User Interface & Output

This section of requirements relates to hosar will control the Program and what options

are available to thgser. Table 4 details these requirements.

ID Description Priority

Ul_001 Allow Userto enter Mass Parameter 1

Allow Userto choose Mass Parameter from relevant sys|

Ul_002 2
tems

Ul_003 Allow Userto choose calculation method 2

Ul_004 Allow Userto choose Output options 3

Ul_005 Allow Userto enter Initial State 4

Ul 006 Allow Userto graphically display the position of the L- 1
- points for the system defined by Ul_001; Ul_002.

Ul_007 Allow Userto display Jacobi energies for each L-point 2

Ul 008 Allow Userto graphically display Halo Orbits around the |L- 1
- points for the system defined by Ul_001; Ul_002.

Table 4: User Interface and Output Requirements

4.2.2 Functionality

This section of requirements relates to the Progitagif and the methods that will be re-
quired for the Program to output data to meet dgglirements for the Ul. To reduce the risk
involved with implementing the software a two optiapproach was developed, where the
User could choose to either use the MATLAB funcsiqi®ection 3) or use Native Code.

Table 5 details these requirements.
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ID Description Priority

FN_001 Ability to use functions to solve CR3BPgigrated into the 1
mainProgram

FN_002 Ability to use MATLAB as a secondary soufacecomputa- 2
tion

FN_003 Calculate Mu for a given system 1

FN_004 Calculate Libration Point positions 1

FN_005 Calculate Halo Orbits for L1 1

FN_006 Calculate Jacobi Energy from given positieglpcity, and 2
mass parameter

FN_007 Calculate Halo Orbits for L2 2

FN_008 Calculate Poincaré Section for a given syste 2

FN_009 Calculate impact of Resonant Forcing orvargsystem 1

Table 5: Functional Requirements

4.2.3 Documentation

Finally, these requirements indicate the level ofuinentation that will be required for the

Program. Table 6 details these requirements.

ID Description Priority
DC 001 Use tagged comments to provide source coderstanding 1
DC_002 User Guide 1
DC_003 Design/Functional Document 1
DC_003 Installation Package 1
DC 004 Help File incorporated into C# program 3

To meet these requirements, a user guide is indlatidppendix 3 and Section 4.3 and Sec-

tion 4.4 provides the design document. All of tieele written that is not available from open

Table 6: Documentation Requirements

source is included in Appendix 5 to show that DCL B@s been met.
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4.3 Design Philosophy

4.3.1 Introduction

The program has been written using Microsoft C#alistudio 2008, which was chosen as a
suitable programming language by the Author foumiber of reasons. Firstly, it allows for
the use of classes and object-oriented programmetpods which the Author has experience

of and secondly the Author has recently been uSi#h@s part of a consultancy job!

In general, where possible, open-source code toaided useful functionality has been
used with the Author only programming those areige Yor completing the requirements
stated in Section 4.2. The licence under whichnagurce code has been released can be
found at [11].

4.3.2 Software development cycle

The development of software for this project regslisome thought of the process required
for such activities. For this reason, the Authas lspent some time researching different de-
velopment cycle methods to assess which method wdlk most satisfactorily for this
project. A waterfall method, as shown in Figure Was originally chosen to form the basis

for the development method.

Figure 13: Waterfall Software Development Method

However, a much more iterative approach was unkkamasimilar to an iterative devel-
opment procedure shown in Figure 14. This metbaduch more adaptive and as the design

section (4.4) will discuss, allows for any issues @roblems within the programming to be
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dealt with in a more natural way.

Figure 14: Iterative Software Development Method

4.4 Design & Implementation

The design of the program can be considered wélséime structure as the requirements and
this section will approach each area in turn amstudis the key design processes that were
required and what was implemented. There are soa@s that have not been implemented at

the time of writing and these areas are notedertekt and discussed in Section 1.

4.4.1 User Interface (Ul)

For any Ul there is an aspiration to make the @ogas intuitive and easy to use as possible.
This requires a certain amount of thought wheniptacontrols to ensure that a User with no
prior knowledge of the program may be able to tisdgithout reading a User Guide (though
obviously this is not recommended!). Another keysideration is ensuring that a User can-

not break the program (this is often the first ¢hio attempt when debugging?!).

In general terms the Ul provides the framework frwhich a User may call various func-
tions from the Program and be able to view the wutp a suitable format. Extra
functionality, such as the ability to zoom into gina and print output has not been imple-
mented at this time, however, this ability may Hesome value in the future, please see

Section 4.4.1.2 for further discussion of this area

4.4.1.1 Main Form

The Main Form is designed to provide handling fibro&the Ul controls and provides the
backbone of the Program from which the CR3BP fumstican be called. This form is the

“Face” of the Program that a user will see. Figlfeshows a screenshot of the form as it is
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seen by the User when the program starts. Thedalk for the Main Form can be found at

Appendix 5.

Figure 15: Main Form

4.4.1.2 Graphical Display Options

To provide a User the means to visualise the fanstithat are called, a graphical display is
required. One of the great advantages of MATLABhgt this is a very simple process, for
coding from scratch it is more of a problem! Hustreason the original concept for the Pro-
gram assumed that MATLAB would continue to be ukedlotting output data. However,
this provides some problems regarding how to outipta to allow MATLAB to plot it! Also,
one of the key aims of the program was to provideltéernative to MATLAB, and for this
reason, a number of possible solutions where relsedito provide output to the User through
the Main Form, Table 7 below lists some of thesioap with comments regarding their suit-

ability.

Whilst the Author did consider writing Native Codewas obvious that the MSChart op-
tion would be most suitable as an initial outputimoe, due in part to the Author’s experience
of using MS Excel and the simplicity of the methdkt. the time of writing, no zoom or print

function had been implemented. Example outputgusiSChart is shown in section 6.2.
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Option Comments Advantages Disadvantages

MATLAB Use MATLAB to plot output| Many graph options, Outputting data can be

data. already implemented,complicated and time

including zoom and consuming.

print.

Microsoft The simplest option. ThisSimple, Easy to use.| Zoom and Print options
Chart [12] type of object is the same as not available in standand
that used by MS Excel to plot toolbox.

data so are simple to use.

==

GraphLib An open source code thaSophisticated graphi-Much more complicate
[13] provides excellent graphicalcal tool, providing| to implement.

functionality, including the much functionality.
ability to print, zoom, or play

through time a dataset.

Native Code| This option is to write fromTlailored to require: Time and Effort consum

scratch a graphing class. ments. ing.

Table 7: Output options

4.4.2 Variables, Structures & Functions

Good programming techniques were aspired to dutiegimplementation of the software,
and therefore, the Main Form had very few functidefined within it apart from those that
control User Input. The approach taken was tountelall of the variables, structures and
functions within separate classes which the Maimfwould initialise and call when re-
quired. The one exception to this was the func@atculateMuwhich was included in the
Main Form code as it is in general just a look-ablé. As the option has been included to
allow a User to select the computational method Epgine), the following sub-sections
document how each Engine is implemented and consnm@mmtany problems that were en-

countered during the programming.

4.4.3 Native Class

This class was an attempt to modify the MATLAB c¢ii@] to work within the C# environ-
ment. The full code for the Native Class can bentbat Appendix 5. To begin with the
MATLAB code was studied to analyse what data stmast and functions would be required

by any Native code. It became clear that one ®@k#fy data structures that would be required
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for any Native code would be Matrices. This areaamalysed in more detail in section
4.4.3.1. Another area of importance is a methads@idving ordinary differential equations

(ODE) and this area is discussed in section 4.4.4.3

4.4.3.1 Matrix options for C# programming

Given that Matrices were of vital importance to tiplementation of the code, a number of
options were assessed. Table 8 gives a brief mwerof the different options available for
C#, please note that only open source softwareinvastigated, and the Author is aware that

commercial software is available for this areavibich one example is provided in Table 8.

Option Advantages Disadvantages

C# System Arrays Simple Simple!

Does not provide MATRIX

operators

CSML [14] Majority of MATRIX opera-| Poor help files

tors supported Not all MATRIX operators

supported!

DotNetMatrix [15] Majority of MATRIX opera- Poor help files

tors supported Not all MATRIX operators

supported!

Numerical Methods [16]| Majority of MATRIX opera-Complicated to implement,

tors supported poor help files.

Commercial Off Thg Commercial software so highExpensive!
Shelf (COTS) (e.g. [17])| degree of complexity

Native Code Tailored to needs Complex and time-aoirsg

Table 8: Matrix Mathematics Options

Many “rabbit-holes” were caused by the choice oftiidas, with problems generally en-
countered only some time after initial implemerdatof the various Matrix options! The
final choice was to use the CSML matrix type, whaffers most of the required functions

and was the option that the Author found most tiMeliito work with.
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4.4.4 Native Class Functions

4.4.4.1 Libration points

This function is an adapted version of the MATLA8de, librationPoints.mwhich solves a
polynomial equation to derive the L-points. Thaxle appears to work well in C#, discussion
of the output of this code, and validation agathst MATLAB code is provided in section
6.2. Another method was also implemented to dfferAuthor choice, which was based on
much simpler mathematics, as found in [18], ang aisked for L1, L2 and L3 with the MAT-
LAB methods used for L4 and L5.

4.4.4.2 Jacobi Energy

This function is adapted from the MATLAB codacobiConst.ma simple piece of code that

calculates the Jacobi energy given a vector positiector velocity and mass parameter.

4.4.4.3 Halo Orbit Calculation

To be able to calculate halo orbits an attemptdovert theHaloOrbit NewtonMethod.m
MATLAB code was undertaken. This led to the disrgvof a major problem with the pro-
gram, in that the excellent MATLAB ODE solver wadt iavailable within the C# code. This
led to a number of options, which are listed inl&being considered for how this problem

may be solved.

Option Comments Advantages Disadvantages

MATLAB ODE Used by MAT-| Good ODE solver Not native
LAB engine functions

Numerical Methods Open Source Does include somMo help files

[16] ODE functionality

Native Code A very large un-Tailored to requiret Very difficult!
dertaking! ments

Other [17] COTS software Expensive Good functidgal

Table 9: ODE Options

After much effort was expended attempting to gstidable ODE function within the C#
code, at the time of writing this functionality waet implemented. It is hoped that the Au-
thor will have overcome this issue in time for fireal Viva examination but does not have

huge confidence in this statement!
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4.4.4.4 Halo Orbit Linearised Solution

Given the failure to produce halo orbits, the decisvas made to include a method for plot-
ting orbits using the linearised equations, as mgive section 2.5.3. These are simple
functions and did not provide any programming issared allow a User to ‘play’ with the
linearised equations of motion to simulate varityyges of orbit. Example output for this

functionality is shown in Section 6.2.

4.4.4.5 Resonant Forcing modelling

Given the problems that occurred during the implatisison of the native code, a model for
Resonant Forcing was not implemented due to timestcaints. However, Section 5 dis-

cusses Resonant Forcing and various methods foitlamuld be modelled.

4.45 MATLAB Engine Class

Given the problems documented above with the Nati@ss, a MATLAB class was also de-
veloped. There were a number of different methimisthe implantation of this Engine,
which are discussed in the following sections. e Tiil code for the MATLAB Engine can be

found at Appendix 5.

4.4.5.1 Linking C# with MATLAB

To be able to take advantage of the functionaliovigled by MATLAB there are a number of
options regarding linking of the C# program to MAB. The key differences between the
methods are the availability of functions and iheettaken to complete commands. For more

information please refer to [19].

Option Advantages Disadvantages

MATLAB Engine (via| Simplest and easiest to use. Allowslo faster than normal
COM automation) Debug of MATLAB at the same timeMATLAB.

as debug of Program.

.NET Assembly (using Can be deployed royalty-free to maBuilder takes time td
MATLAB Builder for | chines that do not have MATLAB.implement and helf

.NET) Automatic data marshalling and garfiles are not very good

=4

bage collection.

C Shared library (usingCan be deployed royalty-free to maNot stable!
MATLAB Compiler) chines that do not have MATLAB

Table 10: Linking MATLAB to C# Options
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Initially, the option to use a .NET Assembly wagetia and a class created using .NET
Builder in MATLAB (type “deploytool” in MATLAB comnand line). This method does have
advantages in terms of speed of computation bubtitieor could not get this method to work
in a satisfactory manner for the functions requii@dthis Program, in particular there were
problems using the ODE functions within MATLAB. IFthis reason, the simpler option of
the MATLAB Engine, via COM automation, was implentexh and whilst this does not have
any advantages in terms of speed of processidges provide a stable environment and the
ability to debug in both C# and MATLAB environmepnighich is incredibly useful!

4.4.5.2 MATLAB Engine Class Implementation

Once the method for communicating with MATLAB wasplemented, the required functions
could be added to the class. These functions gisgilup the required variables in MATLAB
and run the specified MATLAB function in a commadirte fashion. The original MATLAB

functions [10] were modified so that input for edahction was handled by the GDB CR3BP

program.

4.5 GDB CR3BP Program Summary

This section of the report has presented the pssgmade in designing and implementing a
C# program to model the CR3BP, and in particularigaic orbits around the L-Points. Un-
fortunately, there has only been limited succesgproducing a program that works to
specification (discussed more in Section 6.5), hanethe Author sees the progress made to
date as being satisfactory and providing at thg least a alternative coding environment to
MATLAB. This report does not mean that this prograill no longer be developed and the
Author intends to continue to improve the GDB CR3BBgram even after the conclusion of
his MSc.
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5 DISCUSSION OF RESONANT FORCING

5.1 Introduction

This section of the report will document the pragrenade in finding a solution to the prob-
lem of resonant forcing. As previously mentionedection 4.4.4.5 no explicit modelling of
resonant forcing was implemented in the C# progoaithis section analyses how a method
might be devised to solve the problem by discusaimumber of different theoretical con-

cepts that could be adapted to solve the resonash§ problem.

5.2 Forced Vibration

The paperGravitational Theory and Resonan{20] provided some useful information in
regard to resonant forcing and this section wakcdss some of the outcomes of this paper and

apply these outcomes to the resonant forcing atellge in a halo orbit around an L1 point.

In simple terms, any circular or elliptical motioan be treated as a vector sum of two si-
nusoidal vibrations at right angles to each ovel @b degrees out of phase with each other.
The linearised equations of motion (section 2.8} periodic orbit around an L-point are a
good example of this, where the where x and y afmed by Cosine and Sine respectively.
Each component can be considered to be a vibratidrby choosing the axes carefully, as is
the case for the linearised equations, the reguétmplitude determines the major and minor

axes of the orbit.

Any vibrating object will also have certain resonfiequencies, for example, the Earth
orbits the Sun with a period of exactly one yearthge principal frequency is the inverse of
this period. In addition, there is the concephafmonic resonances at different integer val-
ues of the natural resonant frequency (e.g. dotfyde, quadruple, etc). Analysis shows that
these resonant considerations can be applied torlfi@l motion of planets, moons and ring
particles [20]. Considering the natural orbitatipe as a “free” vibration, the action of an-
other gravitationally attractive body (the fourtbdy) can then be treated as a harmonic

disturbing force, or a forced vibration.

5.2.1 Forced Pendulum

The simplest case for understanding resonant fgnsirthat of a forced pendulum, the con-
cept of which is a fairly common physics probleifi.we have a forced damped pendulum
which is given some initial conditions (an initjalish) we will see linear behaviour and a

damping effect that will slowly return the penduldmits rest position. In the forced case,
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consider the case where a periodic external foectubs the pendulum, this will lead to ei-
ther chaotic motion which is unpredictable or itllwead to more predictable or quasi-

periodic behaviour, dependent on the initial cdodi and the force perturbing the pendulum.

If the perturbing force has a frequency that i@nest with the frequency of the pendulum
then even small perturbing forces can cause a lengage in amplitude of the pendulum.
This is best exemplified by a parent pushing adcbih a swing, as long as the perturbing
force is timed correctly then the swing will go hé and higher. It is conceivable that such a
simple concept could be applied to the linearispeh&ons of motion for a halo orbit around
an L-point, as discussed in Section 2.5.3 thougthiattime no further development of this

method has been implemented.

5.2.2 The Perturbation of a Halo Orbit around L1

Now consider a satellite in a halo orbit aroundlthhepoint in, as a simple example, the Sun-
Earth (& Moon) three body problem. The system &astural vibration that has a frequency
equal to the inverse of the period of the systein @ne year) and it also has a frequency re-
lating to the period of the halo orbit, this me#mat the resonance we are interested in could
affect ether of these orbital frequencies. If voavradd a fourth body to the system, say Jupi-

ter, consideration can be made of the impact sfttbdy on the halo orbit.

This problem can initially be simplified by assumithat Jupiter orbits with the same pe-
riod as the Sun-Earth period, or in other wordghwi 1:1 resonance. In this case, we can
imagine the impact of Jupiter on the halo orbitcasstantly providing a force along the x-
axis of the system. Whilst this force is likelylte of small order due to the large distances
involved, over a long enough period of time we wioekpect the halo orbit to be perturbed

by this constant force and perhaps become unstable.

Considering the more realistic case, the problecoimes more complicated and is de-
pendent on the position of the fourth body, Jupiterthe Sun-Earth frame rotates. In this
case, a different force is imparted on the halat@b Jupiter rotates around the Sun-Earth
system, for example, considering the simple casedonced above, this only applies for a
small portion of Jupiter’s orbit. When Jupiterois the opposite side of the Sun to the Earth
and at opposition, then a force will be appliedre halo orbit in the negative x-direction.
Figure 16 gives a pictorial example of the systeith wach side of the dodecahedron indicat-
ing one period of the Sun-Earth CR3BP; after eaehod of the Sun-Earth system, the

perturbing force caused by Jupiter will act in fiedent direction.
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Figure 16: Simple diagram of impact of fourth batpending on the Sun-Earth

system

In reality the orbit of Jupiter is close to, buttrexactly twelve years and whilst the as-
sumption could be made that the impact that Jup#sron a satellite in L1 halo orbit could
be assumed constant over one period of the Suh-Egstem, this system will never provide
exact integer resonance, it would appear thatstystem is unlikely to be of any great use for

a spacecraft!

The example above has adapted much from [20] irclwkiie impact of Jupiter on the
dwarf planet, Ceres, is considered. Interestinggppears that the impact of Jupiter on the
orbit of Ceres has pushed Ceres towards an oddiighalmost, but not exactly, resonant. In
fact, there appears to be a general rule that aesenis an unstable state [20], which would

help to explain the Kirkwood Gaps, as discusseskation 1.1.

Returning to our resonant forcing problem and ateréng a different system, the Jovian

moons we can imagine seeing a similar situatiomygh this time with the outer moons orbit-
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ing the inner three body system much more frequentl in other words, at a much lower
resonance (2:1) meaning that the forces impartecgroril halo orbit would vary more
quickly and the frequency of the perturbing forees la much lower period than the case con-
sidered above with Jupiter orbiting the Sun-Eagtstean. This makes the case for resonant
forcing much stronger in this system as the pedbthe outer moon will cause a 2:1 reso-
nance on the rotating frame of the Jupiter-lo systeThis suggests that there is a 2:1
resonance at the L-points as well, if we assumethigamodel introduced above is valid. Of
course, the Jovian moons are of much lower magss Ibpiter itself, and it may require a

long-time scale for any impact of this resonanckegcome obvious.

To model this would require analysing the impacth# resonant body as an additional
term in the non-linear dynamics of the CR3BP. W& time, however, this method has not

been developed further.

5.3 Resonant Satellite Orbits

Another area of interest that could be appliech®resonant forcing problem is the con-
cept of resonance effects on a satellite if ith papeats itself relative to a rotating primary
[21]. The orbit of a satellite is in resonancehatite gravitational field of the Earth when the
track of the satellite over the Earth repeats afteintegral number of revolutions [22]. The
work by Allan [21] shows that there is a signifit&ffect of this resonance, so much so that a
satellite may become locked in a particular resoearThe analysis provided by this concept
[22] has helped to build an excellent model of Heths geo-potential, as a satellites Ke-
plarian orbital elements are affected by the Eartyravitational field, particularly the
inclination of the satellites orbit. However, farsystem such as Jupiter there are difficulties
due to the estimation of the rotation period of plenet, which plays a vital part in these cal-
culations. There is also the issue for the wodspnted in [21] that for the Jovian moons
system the spacecraft will not be orbiting arouma primary, and therefore this method may

not be applicable.

This is a promising area in terms of providing aample of resonant forcing on a satellite
but the Author has not been able to apply theserig®to the problem where the CR3BP is
concerned. The Author is unconvinced that thiscephwill be of particular use for model-

ling resonant forcing.

5.4 The Four Body Problem

Another approach that could prove useful is modglbf the four body problem. As with the

general three body problem, the four body problemnot be solved; therefore assumptions
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similar to the CR3BP are made by limiting the pemblto circular orbits and the Concentric
Circular Method, as shown in Figure 17, appeamrtwide a good model, particularly for the

problem of resonant forcing within the Jovian magatem.

Figure 17: Concentric Circular Model [5]

The four-body problem is understandably, even noaraplex than the three body prob-
lem, and much of the analysis undertaken in théa aises the bi-circular restricted four body
problem which considers a system that can be agbtoniee similar to the Sun-Earth-Moon

system, with the Moon rotating around the Earth lawith rotating around the Sun.

However, the paper, [25], does analyse periodiitsoib the restricted four-body problem
with a system similar to that shown in Figure 1Rjck indicates that if a halo orbit (from the
CR3BP) is used as an initial trajectory then thpant of the fourth mass will cause this halo
orbit to destabilise. This appears to be a usetthod, and the Author feels that this area is
worth further investigation; however, at the tinfeagiting, there was insufficient time to de-

velop this method further.

5.5 Resonant Forcing Discussion Summary

This section of the report has considered a nurmberethods that could be adapted to allow
for the modelling of a resonant body, both withire tCR3BP and in the more complex
CR4BP. Whilst progress has been limited in terfapplying these methods, the Author

feels that given more effort there is potentiatach of the methods.
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6 RESULTS & DISCUSSION

6.1 Introduction

This section of the report documents the outpunftbe previous sections and discusses the
results produced. The section is split into suttisaes with Section 6.2 presenting and dis-
cussing the output from the C# program, providiradidation of the output, section 6.3
discusses the modelling and method developmerthéoresonant forcing problem, and sec-
tion 6.5 assesses if the requirements given iricgedt2 have been met by the C# program

written.

6.2 C# program Validation

This section discussed the output provided by thg@i@gram written and provides validation

of any output against the original MATLAB code [10]

6.2.1 Validation

In this section, the results output from each efftimctions that have been implemented in C#
are compared against the results produced by tgmarMATLAB code [10]. This process
was completed by running both MATLAB and GDB CR3BRtines and comparing the re-

sults.

6.2.1.1 Libration Points

Table 11 shows results from the MATLAB function quemned to the C# program for the cal-
culation of L-point positions for the two methodsplemented in C# for a number of test
systems; the final two columns of the table arewolcoded to indicate the difference be-
tween these values and the MATLAB function, libsafPoints.m. In Table 11, traffic light

colour coding is used where green indicates thatctilculated figure is within 1% or the

MATLAB figure, amber indicates within 5% and Redlicates >5%.
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System L-Point X Polynomial Simple
(MATLAB) Method Method
Sun-Earth 1 0.9900
2 1.0101
3 -1.0000
4 0.5000
5 0.5000
Earth- 1 0.8365
Moon '
2 1.1557
3 -1.0051
4 0.4879
S 0.4879
Jupiter-lo 1 0.9751
2 1.0252
3 -1.000
4 0.5000
S 0.5000

Table 11: L-Point Validation

These results suggest that the C# function lion&ants provides good results in com-
parison with the MATLAB routine. However, thereeaome areas of concern, notably the L1
and L2 results for the Earth-Moon system. By ughngalternative method as given in [18]
better results for the Earth-Moon system were pcedwand it is this simpler method that will
be included in the final program. The libration®eiare output graphically to the program,

with the output as shown in Figure 18.
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Figure 18: L-Points output Screen

6.2.1.2 Jacobi Energy

This simple function has been validated by calindathe Jacobi energies for each of the L-
points in the Sun-Earth system and comparing theegsaoutput by the MATLAB routine
with that written for the C# program. Given théfeliences in the calculated positions of the
L-points, a slight discrepancy is expected in thgot results for the first three L-points, as
shown in Table 12. Note that the Jacobi energyLfois not included as this is identical to
that for L4.

System L-Point| Jacobi Energy Jacobi Energy
(MATLAB) (Native)
Sun-Earth 1 3.000897 3.000897
2 3.000897 3.000897
3 3.000003 3.000003
4 2.999996 2.999996

Table 12: Jacobi Energy Validation

6.2.1.3 Halo Orbits

Given the problems encountered during the prograngrof the C# programming (see section

4.4.4.3), no results were produced for the Haloit@ddculation. It is hoped that results will
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be produced in this are in time for the final exaation Viva. MATLAB output can be plot-
ted using the C# program, examples of which arevehia Figure 19, Figure 20, and Figure
21.

Figure 19: Halo Orbit plot (X-Y axes)

Figure 20: Halo Orbit plot (X-Z axes)
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Figure 21: Halo Orbit plot (Y-Z axes)

6.2.1.4 Halo Orbit Linearised Solution

This output can be compared to the data shown]ind4reviously shown in Figure 8. The

output from the C# program is shown in Figure 22similar input data.

Figure 22: Linearised solutions output, Quasi-halbit

If Lambda and Nu are set equal we get a halo abishown in Figure 23.
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Figure 23: Linearised solution output, Halo orbit

6.3 Resonant Forcing

Though no method was developed that was suitablh&implementation of any model for
resonant forcing, the discussion presented in @e&idoes raise some interesting issues and

introduces possible methods that could be utilfieedhe modelling of this problem.

6.4 Low-Energy Exploration

Due to the lack of a solution to the resonant fagggoroblem and the issues involved with
computing halo orbits, the comparison to standatetplanetary transfer of spacecraft has not
been completed. However, research was undertak#nsi area, and of particular interest is
[24] that discusses low energy interplanetary fienssusing halo orbits for Sun-Planet sys-
tems around L2 as a target point. The paper repbat there using these methods is 35%
more fuel efficient than the conventional graviggiated trajectory method but approximately

5 times slower [24].

6.5 Requirements Assessment

This next section will document the success if @#eprogram to meet the requirements set
out in section 4.2. A success metric is includedeach requirement with a score between
zero and five being awarded, with zero indicatimgsuccess and five indicating complete

success. Given that there are twenty metricswiliisallow a score out of one hundred to be

-850 -



Geoffrey Brown, MSc dissertation

presented to indicate the success of the progranesd the requirements.

6.5.1 User Interface & Output

Table 13 provides comments and an indication ofesg for each of the user interface & out-

put requirements.

ID Comments Success
Ul_001 & User may enter Mass Parameter manually or usel@oks .
Ul_002 to choose the Mass Parameter for a particular syste
Ul_003 User can choose to use MATLAB or Native CoHagine 5
Output options can be Libration Points, Halo Orlf#sin-
Ul_004 caré Section. However, not all output optionseaailable 3
when a user selects the native engine
Ul_005 Initial State has not been included at tinie 0
L-point data presented to user in graphical anderical
Ul_006 5
formats
Only MATLAB output is plotted, native methods ugeehr-
uUl_007 3

ised equations of motion only

Table 13: Ul & Output Requirements Assessment

6.5.2 Functionality

Table 14 provides comments and an indication otess for each of the functionality re-

guirements.
ID Comments Success?
FN_001 Problems encountered solving ODEs, MATLARBiere 0
does work
FN_002 MATLAB engine works well 5
FN_003 Mu can be calculated either from Masseslagtams or 5
from a given system
FN_004 Some success in native code though issues adtput was 3

validated
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FN_005 Only available using MATLAB engine 2

FN_006 Only available using MATLAB engine but notglemented 0

FN_007 Only available using MATLAB engine 3

FN_008 Not implemented, no suitable method develdpe suit- 0
able level of maturity

Table 14: Functionality Requirements Assessment

6.5.3 Documentation

Table 15 provides comments and an indication ofesg for each of the documentation re-

guirements.

ID Comments Success?
DC 001 See Appendix 5 for code with comments 5
DC_002 See Appendix 3 for a simple user guide, Agpe4 for an 5

installation guide.
DC_003 Section 4.4 of this report 5
DC_003 Installation file. This has not been fultgted! 1
DC 004 This has not been implemented, it was golidority re- 0

guirement and the DC_002 provides the required foelp

using the program

Table 15: Documentation Requirements Assessment

6.5.4 Requirements Summary

Given the success metrics given in each of thesadbove, the ability of the program to meet
the requirements scores 60/100. This is a disapipgioutcome and one that the Author will

endeavour to improve before the final Viva examorat

6.6 Results Summary

This section has presented the results and outpduped by the Author for this project. As
indicated previously there is some disappointmegarding the output of the GDB CR3BP

program due to the failure to implement a methadctcédculating halo orbits in particular.
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7 CONCLUSION

7.1 Summary

This report has documented the progress made gbrthject Resonant Forcing of L-point
orbits. The document has provided background informatan has been researched via lit-
erature review and highlights the key areas ofthdwat were required to analyse the project
problem area. MATLAB code, sourced from [10] waed initially and an attempt to convert
this code to a C# program was undertaken with dichguccess. This report has also given
consideration to the issue of resonant forcingngiteng to apply research from various pa-
pers [20], [22], [21] and [25] to provide an undeargling of how resonant forcing might be
modelled. At the time of writing, progress hasrbdesappointing in this area and no method

had reached a suitable level of maturity to be hedén the C# program.

The Author is understandably frustrated and diseyed with the outcome of this project
and will attempt to make some more substantial igsgybefore the final Viva examination.
In wrapping up this report though, it is worth imding sections on what lessons have been
learnt from this project, Section 7.2, and what kvoan be done in the future to produce a

more satisfactory output for this project problemsea Section 7.3.

7.2 Lessons Learnt

A number of lessons have been identified (andiwitlue course be learnt) from the work for
this project in terms of the Author’s personal askiments, they are summarised in bullet

point below:

Care needs to be taken not to be overconfidergring of programming ability;

the assumption that any programming issues cougblyed was not true!

The Author did not use his supervisor in the bessible way, should have spoken

to Dr Phil Palmer more often!
“Rabbit-Holes” are very easy to lose yourself in!

It is very easy to get distracted! The Author adnthat turning 30 during the

summer did not help with project work!

7.3 Future Work

Given the lack of success in modelling this probbamd the issues raised whilst programming

in C#, there is still a number of areas of futurerkvthat could be completed. The Author
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feels it is extremely likely that programming woskl continue beyond the end of this pro-
ject, and a page has been set up on the Authoog B3] so that continued work can be
presented to the wider world! A simple list of asghat require continued study is included

below:

Continued modelling work using C# to solve Ordin&ifferential Equations —

this is vital for any success of the C# program.

C# program to calculate Halo Orbits — Once ODEs lwarsolved this should be

possible.

Resonant Forcing Analysis — Further analysis ofliteeature surveyed in Section

5 is required to produce a suitable method for rioderesonant forcing.

Resonant Forcing Modelling — Once a suitable metraxibeen produced, model-
ling will be possible, with a comparison to currespiacecraft fly-by techniques

possible.
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APPENDIX 1 - WORK PLAN

The project is split into the following key tasks:

Background - Including literature review and iritimderstanding of theory
Jan Submission - Preparation of this submission

Method Development - Initial coding of softwarestlve 3-body problem
March Submission - Preparation and Report writing

Poster - Preparation of poster for presentation

o g s w N RE

Summer Semester Planning - Time set aside for igsproject plan is still valid for

summer semester

7. Final Coding - Final coding of software, portingaaide to C#, Waterfall develop-
ment method

8. \Validation & Verification - Checking that softwai® suitable and meets requirements

9. Main Report - Preparation and Report writing

10. Viva — Preparation
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APPENDIX 2 — POSTER

% Final version of this poster will be in A3 format
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APPENDIX 3 — USER GUIDE

GDB CR3BP USER GUIDE

This document is part of the MSc proj&stsonant Forcing of L-Point Orbitad provides
a guide to how to use the GDB CR3BP software (frmre on referred to as tieogram).
Before reading this guide, you should read thealtagton Instructions [APPENDIX 4].

Once theProgramhas been installed correctly, tReogramis designed to be simple to

use. On loading, a user will see the form as shiaviigure 24.

Figure 24: The GDB CR3BP Program

In this document that follows, a quick-start guidgrovided. For more information re-

garding theProgram users should read the main report.
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U 1: Quick Start Guide

All of the main user controls are found on the keihd side of the form, and the basic premise

of theProgramis a 3-step method. This method is explainedvbelsing numbered bullets.

1. Firstly, select the system to be modelled using“@lgoose Mu” section of the form, as
shown in Figure 25.

Figure 25: Choose Mass Parameter, Mu

2. Now select the output options you would like, tisiglone by ticking the relevant areas in
the “Choose Output” section, see Figure 26.

Figure 26: Choose Output

3. Finally, the engine to be used is selected, this #@mple choice between “Matlab” and
“GDB CR3BP”, using the area of the form as showRigure 27.
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Figure 27: Choose Engine

4. Now press the “Calculate” button and the output kel displayed on the tabs (Figure 28),
according to what options have been chosen. Timubdisplayed on each tab is summa-

rised in Table 16.

Figure 28: Output Tabs

Tab Comments
LPoint Data This tab provides output from eithegier regarding the L-
points output in numerical form.
LPoints This tab includes a graphical representatibthe L-point datg

calculated

|

Halo Orbit Data

This tab provides numerical outnformation about a Hal
Orbit.
(MATLAB Engine Only)

Halo Orbit (XY)

This tab provides a graphical reggatation of the Halo orb

calculation. It plots X and Y data of the orbiatst each other.

(MATLAB Engine Only)

Halo Orbit (X2)

This tab provides a graphical reygetation of the Halo orb
calculation. It plots X and Z data of the orbitatgst each other
(MATLAB Engine Only)

Halo Orbit (YZ2)

This tab provides a graphical reygetation of the Halo orb
calculation. It plots Y and Z data of the orbitatst each other
(MATLAB Engine Only)

Halo Solution

This tab provides four graphs thatt ghe output data for th
Halo orbit linearised solution equations. Cloclavisom top-
left, there is a plot of X Vs Y data, X Vs Z da¥ data and &
plot of X, Y and Z against time.

(GDB CR3BP Engine Only)

|

Table 16: Output data information
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APPENDIX 4 — INSTALLATION GUIDE

To be able to install the GDB CR3BP Program pldakew the following guide:
Pre-requisites:

This software has only been tested on Windows X8 &RVindows Vista Business

SP1, so it is recommended that only these OS @& us

Microsoft .NET Framework 3.5 or higher

To use the MATLAB engine, MATLAB must be installed.
To install the program requires a two-step apprpashisted below:

1. Copy the contents of the /MATLAB/ folder to a newiredtory at
C:/I[CRTBP/MATLAB/

2. Run the ‘Setup.exe’ program found in the /INSTAlEalder of the attached CD.

Please note that this install procedure has ordgy bbested on the Author’s machine and any prob-
lems encountered should be reported to the Autttao, will be able to help you to get the software
working. Alternatively, help and advice for indtéilon problems can be found on the Authors

website (http://godofbiscuits79.wordpress.com/M&gqzrt/)
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APPENDIX 5 — C# PROGRAM CODE

In this appendix, the key C# code is presenteduditg the code for the MainForm, Mat-
labCmdLine Class and the Native Methods, GDB_CRGERs.

The program was coded in C#; for more informatiteape see the Microsoft Visual C# Developer

Centre Website, http://msdn.microsoft.com/en-usiags/default.aspx.

Any 3“ Party Software that has been used has been usder wicence as detailed at

http://www.codeproject.com/info/cpol10.aspx.
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APPENDIX 6 — COMPACT DISC

Please find attached in the CD Envelope the folhgwi
GDB CR3BP Source Code (Requires MS Visual C# sjudio
Install folder
MATLAB code folder

Installation & User Guides
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